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In the previous paper [2] Griinbaum used an inequality he had proven for 
Legendre polynomials [l] to obtain a similar inequality for the Bessel function 
Jo(x). We give a direct proof of this inequality and some extensions. 
THEOREM 1. 
Letting 
1 + M4 2 Jo(4 + Jo(Y)9 22 = x2 + y2. 
f(XY Y) = 1 + Mx2 +- Y2V2) - Jo(x) - J&Y)7 
we must show that f(~, y) 3 0, X, y > 0. Jo(x) satisfies 
(XJ’)’ + xy = 0, y = Jo(x) 
and the Sonine-P6lya theorem [3, footnote to Theorem 7.31.11 shows that 
the successive relative maxima of 1 Jo(x)1 f orm a decreasing sequence. Using 
Table 1 in [4], we see 
h(x) G 0.32, x 3 1.84, 
Jo(x) 3 -0.321, x > 4.5. 
If x > 3.2, y 2 3.2 then (~2 +y2)ri2 > 4.5 and so 
1 > 0.32 + 0.32 + 0.321 > J,,(X) + Jo(y) - Jr,@” + Y~)~‘~). 
By symmetry we may assume x < y and so x < 3.2. Clearly, 
m, Y> = 09 
gg = Jl(X) - (x2 Jy2)l,2 JlW” +Y2Y2)7 
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since 
g J,,(X) = -jr(x) [4, Section 3.2, p. 451. 
y = J1(~)/~ satisfies 
(x3y’)’ + x”y = 0 
and the SoninePolya theorem again shows that the successive relative maxima 
of / x-~]~(x)I decrease. Also Jr( x )/ x is a decreasing function up to the first 
positive zero of d(x-l],(x))/dx = --~-~Ja(x), which is approximately 5.14. 
Some calculations using the tables in [4] give 
J& > Mb” fY2F2) 
X (x2 + yy ' 
x < 3.2. (1) 
For, if (x2 + y2)l12 < 5.13, the monotonicity of x-‘Jr(x) gives (I), and if 
24 = (x2 + y2y2 > 5.13, 
h(x) > k(3.2) O-28 J&4 - , 32 > 0.064 > 5 > u, 
X 
since u > 5.13 and la(u) < 0.28. This last follows from an inspection of 
Table 1 [4] and the Sonine-Polya theorem applied to 
(UY’)’ + (u - ;, y = 0, y = h(f4. 
Observe that u 3 5.13 > 1 and so u - u-l > 0. Thus f(x, y) 3 0 for 
0 < x < 3.2, since f(0, y) = 0 and aflax (x, y) > 0, 0 < x d 3.2, x < y. 
Theorem 1 can be extended to J&(x), 01 > 0, as follows: Let 
Jqx) = 2T(ol + 1) x-“JJX). 
Observe that f,(O) = 1. 
THEOREM 2. 
1 + $0164 z f&> + A(Y), x2 = x2 + y2, (Y > 0. 
Theorem 2 is actually a corollary of Theorem 1. The first Sonine integral is 
p, v > -1. 
(2) 
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(2) can be written as 
Integration of f(x, y) gives Theorem 2. 
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